In this article we present a method to construct gradings of Lie algebras. It requires the existence of an abelian inner ideal B of the Lie algebra whose subquotient, a Jordan pair, is covered by a finite grid, and it produces a grading of the Lie algebra L by the weight lattice of the root system associated to the covering grid. As a corollary one obtains a
for all i, j with the understanding that L i+j = 0 if |i + j| > n. In this case, one says that L is (2n + 1)-graded. Simple Lie algebras that have a (2n + 1)-grading and that are defined over a field of characteristic ≥ 4n + 1 or 0 were classified by Zelmanov [31] up to the description of finite Z-gradings of simple associative algebras with involutions. This description was later given by Smirnov [29, 30] .
The main result of this article is a method to construct finite Z-gradings of Lie algebras. Roughly speaking, we show that a sufficiently nice "top" L n creates a (2n + the Jordan triple product since we will assume throughout the paper that 2 and 3 are invertible in Φ, and from Section 4 on that 5 too is invertible. It is these two algebraic structures, abelian inner ideals in Lie algebras and Jordan pairs, that form the basis of our approach.
We do not require that we are given submodules L n , L −n of L. Rather, we associate a Jordan pair S to any abelian inner ideal B of L, which for the case of a nondegenerate Theorem 1.1. Let L be a Lie algebra and suppose B is an abelian inner ideal of L whose subquotient S is covered by a finite grid. Then there exists a finite Z-grading, say a
For the nonexpert in Jordan theory we mention that a grid in a Jordan pair is a special family of idempotents, see [22, 26] is an sl 2 -triple in L and (ad e + ) 3 = 0. Then (ad e − ) 3 = 0 and ad h e is diagonalizable with eigenvalues 0, ±1, ±2, i.e.,
for the eigenspaces L i of ad h e (it is here that we need our assumption that 5 is invertible in Φ). As in Jordan theory, the Peirce decomposition of one idempotent can be refined by considering a finite family E of idempotents in L which is compatible in the sense that [h e , h f ] = 0 for e, f ∈ E.
These definitions are well behaved with respect to subquotients: If E is a compatible family of idempotents in L and B is an abelian inner ideal of L such that e + ∈ B for all e ∈ E, then the canonical image of E in the subquotient is a compatible family of idempotents in the Jordan pair sense. It is crucial for our work that we can also go backwards. Indeed, the essence of Proposition 5.4 is that any finite family of compatible idempotents in S can be lifted to a compatible family of idempotents in L. We note that the lifting of a single idempotent is essentially a graded version of the Jacobson-Morozov Lemma.
• 3-graded root systems: The combinatorics of grids in Jordan pairs is best described using 3-graded root systems, see [[19] ; §18]. To any grid G in a Jordan pair one can associate a 3-graded root system R = R 1 ∪ R 0 ∪ R −1 and an enumeration of the grid as G = (g α : α ∈ R 1 ) such that the relations between the idempotents in G are described by the combinatorics (angles) of R. For example, the idempotents g α , g β are orthogonal if and only if the roots α, β are orthogonal. In general, the root system R is locally finite, but for Theorems 1.1 and 1.2 we will only be using finite grids and hence finite root systems. For the root system R we denote by P(R) the abelian group of the weights of R. We recall that R ⊂ P(R) canonically. Theorem 1.1 is a corollary of the following result. The subalgebra g generated by all e ± α is R-graded in the sense of [26] . If Φ is a field of characteristic 0 then g is a finite-dimensional split semisimple Lie algebra of type R with splitting Cartan subalgebra h = α∈R 1 Φh α and is isomorphic to the Tits-Kantor-Koecher algebra of the Jordan pair generated by G.
Our assumption that G be a standard grid is not serious (but necessary for the second part of Theorem 1.2), since any covering grid can be replaced by a covering standard grid with the same Peirce spaces and associated 3-graded root system. We point out that the P(R)-grading of L constructed above has many of the features of a grading of L by a root systems, as defined by [2] , [5] and [26] , see 5.2.
The support supp L = {ω ∈ P(R) : L ω = 0} of the P(R)-grading of L contains R but possible more weights. We construct a group homomorphism ϕ : P(R) → Z such that for a suitable positive integer n we have |ϕ(ω)| ≤ n for ω ∈ supp L with ϕ(ω) = n ⇔ ω ∈ R 1 .
One then obtains a (2n + 1)-grading of L and hence a proof of Theorem 1.1 by putting
We note that in case of an irreducible R, equivalently a simple subquotient S, the number n above can be chosen as the Coxeter number h of R.
Namely, in this case we can take ϕ(ω) = α∈R 1 ω, α ∨ , and we have
Applications: It is an immediate corollary of Theorem
. This is essential for characterizing Lie algebras in which every inner ideal is complemented [11] .
Using the Tits-Kantor-Koecher construction we can give another application of our results, namely to inner ideals in Jordan pairs (Corollary 6.4): If the subquotient of an inner ideal B of a Jordan pair V is covered by a finite grid, it can be lifted to a finite grid in V which induces a finite Z-grading of V. Moreover, B is complemented in the sense of [18] .
The paper is organized as follows. After a review of some concepts from the theory of Lie algebras and Jordan pairs in Section 2, we study the kernel and subquotient of an inner ideal in a Lie algebra in Section 3. In Section 4 we review and prove some results for 3-graded root systems. The main work is done in Section 5, in particular in Proposition 5.4 and Theorem 5.5, which together provide a proof of Theorem 1.2. For the applications in Jordan pairs, it is necessary to prove parts of these results in the graded setting. The final Section 6 is devoted to the applications mentioned above. We also discuss there some examples illustrating the relationship between abelian inner ideals and finite Z-gradings of Lie algebras.
Preliminaries

Basic notions
Throughout this article we will be dealing with Lie algebras, Jordan algebras and Jordan pairs over a ring of scalars Φ containing µ · 1 Φ ∈ Φ × for µ = 2, 3 where Φ × denotes the invertible elements of Φ. So both the Jordan algebras and Jordan pairs considered here are linear. From Section 5 on we will also assume that 5 · 1 Φ is invertible in Φ.
We will use standard notation. For example, the product in a Lie algebra will be denoted [x, y], while ad x or ad x is the adjoint map determined by x. We will also use the
For Jordan pairs V = (V + , V − ) we will follow the terminology of [16] . In particular, it follows from [ [16] ; p. 55] that a pair V = (V + , V − ) of Φ-modules with trilinear maps 
divisor if Q x = 0, and V is said to be nondegenerate if it has no nonzero absolute zero divisors, semiprime if Q B ± B ∓ = 0 implies B = 0, and prime if Q B ± C ∓ = 0 implies B = 0 or
is an absolute zero divisor if ad 
Inner Ideals and Jordan Elements
Given a Jordan pair
An abelian inner ideal is an inner ideal B which is also an abelian subalgebra, i.e., [B, B] = 0. In the following we will mainly consider abelian inner ideals.
This is not such a great restriction as it may look at first sight since in a nondegenerate Lemma 2.1. Let I be an ideal of a Lie algebra and x ∈ I a Jordan element of I. For any
where capital letters denote the adjoint maps with respect to those elements.
(since the operators ad X 2 (a) and ad
It is a straightforward consequence of the Jacobi identity that the pair V = (V + , V − ) satisfies the identity (J2) defining a Jordan pair, but not necessarily the identity (J1). However, both identities are fulfilled for a pair (B, C) of abelian inner ideals, and hence (B, C) is a Jordan pair.
Gradings
Let L be a Lie algebra and let Γ be an abelian group, written additively. We say that L is
, in which case we will write M = M γ where
An inner ideal B is graded if its underlying submodule is graded. We will refer to the elements of L γ , γ ∈ Γ , as homogeneous elements. We will say that L is gradednondegenerate with respect to Γ if it does not have homogeneous absolute zero divisors.
If ∆ is another abelian group, we will say that a
Of course, two compatible Γ -and ∆-gradings are the same as a Γ ⊕ ∆-grading, but it is usually more instructive to keep the two gradings apart.
Similarly, a Γ -grading of a Jordan pair V
for all γ, δ, ∈ Γ . Graded inner ideals of a Γ -graded Jordan pair and homogeneous elements are defined analogously to the case of Lie algebras. The proof of the following lemma is a simple verification, left to the reader. In the remainder of this proposition we will assume that B is an inner ideal of L and consider the subpair (B, L) of (L, L). Then the following holds. The proof is a straightforward exercise which will be left to the reader. Proof. 
which, again by the elemental characterization of strong primeness in 
(vi) By (iii) and (v), V is a strongly prime Artinian Jordan pair. Hence, by the socle structure theorem, see 2.5, V = SocV is a simple Jordan pair.
Jordan algebras of a Lie algebra
In the recent paper [10] , the first three authors of this article showed how to attach a Jordan algebra L x to any Jordan element x of a Lie algebra L (over a ring of scalars Φ containing 1 6 ). We will show that L x can be regarded as the x-homotope of the subquotient of L relative to the abelian inner ideal
To do so, the following facts will be used. 
(ii) Let B = (x) be the (abelian) inner ideal generated by a Jordan element x of L,
is the Jordan algebra defined on the
Actually, the definition of Jordan algebra at a Jordan element given in [10] is slightly different from that of (ii):
used there instead of Ker L B. Nevertheless, both definitions agree in the nondegenerate case.
Lemma 3.7. Let L be a nondegenerate Lie algebra and let x ∈ L be a Jordan element. Then 
where every summand is zero since ad 3 x = 0 and ad
Some results on 3-graded root systems
In this section we will state and prove some results on 3-graded root systems. The first result holds for locally finite root systems as studied in [19] and deals with the coroot system R ∨ of R ([ [19] ; 4.9]), the root lattice Q(R) and the weight lattice P(R) of R ([ [19] ; §7]). We will use special elementary configurations (triangles, quadrangles and diamonds) defined in [ [19] ; §18]. Following the convention of [19] we will always assume 0 ∈ R.
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Proposition 4.1. Let (R, R 1 ) be a 3-graded root system with coroot system R ∨ .
(a) The root lattice Q(R ∨ ) of R ∨ is isomorphic to the abelian group presented by generatorsx α , α ∈ R 1 , and relations (i)x α =x β +x γ for all triangles (α; β, γ) ⊂ R 1 , and
(b) A function ω : R 1 → Z extends to a weightω of R if and only if ω satisfies
In this case, the extensionω is unique and ω also satisfies
The proof is essentially an application of [ [19] ; Proposition 11.12] with P the
follows immediately from (a). Details will be contained in [20] .
Definition 4.2. Let (R, R 1 ) be a finite 3-graded root system. Recall that any root α gives rise to a unique weightα defined byα(β) = α, β ∨ for β ∈ R. We will identifyα = α. For ω ∈ P(R) and for an orthogonal system O ⊂ R 1 we define
Proposition 4.3. Let (R, R 1 ) be a finite 3-graded root system. Then there exist a positive integer n and a group homomorphism ϕ : P(R) → Z such that (i) ϕ(α) = n for α ∈ R 1 , and
If R is irreducible then τ satisfies (i) and (ii) with n the Coxeter number of R.
We will first consider an irreducible R and show that ϕ = τ satisfies (i) and (ii).
The general case will then be dealt with in 4.8. In the irreducible case we will use the classification of irreducible 3-graded root systems, as given in [ [19] ; 17.8 and 17.9]. This will also give us some more precise information about τ (ω). We let h denote the Coxeter number of R, which can be found in the tables of [ [6] ; VI].
Rectangular grading A
Here R = A l so the Coxeter number h = l + 1. Let q = l + 1 − p. Up to isomorphism we can assume that the 1-part R 1 of this 3-grading is given by
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It is then easily seen that τ (β) = h for every β ∈ R 1 . Moreover, R 1 is a disjoint union of
Odd quadratic form grading B qf l
Here R = B l , l ≥ 2, so h = 2l. Up to isomorphism, the 1-part of R 1 of this 3-grading is
In particular, τ (α) = 2l for ω = α ∈ R 1 and τ (ω) ∈ {0, ±l} for any ω ∈ P(R) satisfying Proposition 4.3 (ii).
Hermitian grading C her l
Here R = C l , l ≥ 3, so h = 2l. Up to isomorphism, the 1-part R 1 of this 3-grading is given
holds for any ω ∈ P(R). In particular τ (β) = 2l for any β ∈ R 1 , while τ (ω) ∈ {0, ±l} for ω as in Proposition 4.3 (ii).
Even quadratic form grading D qf l
Here
∨ for every ω ∈ P(R). This easily implies (i) and (ii) of Proposition 4.3.
Alternating grading D alt l
Here R = D l , l ≥ 4 and h = 2(l − 1). We abbreviate (ij) = i + j . Up to isomorphism we then have
We first consider the case of an even l. Then 
l is odd, we apply the previous considerations to the 3-graded subsystem with 1-part 
That also (i) holds then follows from the Peirce relations in the bi-Cayley grid B.
Albert grading E Alb 7
Here R = E 7 and h = 18. We will proceed as in 4.6. The 1-part R 1 of this 3-grading is cogisomorphic to the 27 tripotents of an Albert grid in a Jordan triple system. The structure of the Albert grid ([ [22] ; III, Section 3.2]) then shows that R 1 contains an orthogonal . We claim that 
For ω as in (ii) note first that the number of irreducible components on which ω does not vanish is at most two. Indeed,
is an orthogonal system. Because | ω, α (i) , and nonpositive values on the second component, say on R (j) . We therefore get
Lifting of idempotents
From now on we assume that all modules, and hence all Lie algebras and Jordan pairs are defined over a ring of scalars Φ with µ1 Φ ∈ Φ × for µ = 2, 3, 5. 
any σ ∈ S is of the form σ = −4 + 2l or σ = −3 + 2l for suitable l ∈ {1, 2, 3}, we get
, and F 3 = 0 follows. 
Compatible Families of Idempotents
We say that (e 
Following the concepts used in the theory of Jordan pairs, we define the Peirce spaces of an idempotent e = (e
and call (5.2) the Peirce decomposition of e. We note that it is a 3-or 5-grading with e ∈ L 2 (h e ).
all e, f ∈ E, and Peirce-compatible if every e ∈ E lies in a Peirce space of every f ∈ E. A Peirce-compatible family is easily seen to be compatible.
Any family E = (e α ) α∈A of idempotents gives rise to joint Peirce spaces 
Proof.
(a) From the Jacobi identity we get [f 
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is a compatible family of homogeneous idempotents in V whose joint Peirce spaces are 
Weight-graded Lie algebras
Let R be a root system.
graded Lie algebra [27] if it has the following properties:
In this case, we will call S = (e α , f α : α ∈ R × ) a splitting family and simply write S = (e α : α ∈ R × ) in case S is normalized in the sense that f α = e −α . An R-graded Lie algebra as defined in [26] is an R-weight-graded Lie algebra with supp L = R a reduced root system.
We note that (iii) is of course automatic if Φ is a field of characteristic 0. Also, if L is R-graded, (iii) just means 2, 3 ∈ Φ × and hence is always fulfilled under our assumption on Φ. For R a finite root system and Φ a field, the notion of an R-graded Lie algebra has been introduced and studied by Berman-Moody in case R is simply-laced and = A 1 [2] , and by Benkart-Zelmanov in the remaining cases [5] .
If L only satisfies (i) and (iii), it is easily checked that then
is an ideal of L, called the core, which is R-weight-graded. . We note that every covering grid can be changed to a covering standard grid with the same Peirce spaces and the same associated 3-graded root system. We also recall our basic assumption for this section: All algebraic structures are defined over Φ in which i · 1 Φ , i = 2, 3, 5, is invertible.
Theorem 5.5. Let B be an abelian inner ideal in a Lie algebra L, and suppose that the sub-
is covered by a standard grid G with associated 3-graded root
Every ω ∈ supp L has a unique extension to a weight of R, also denoted ω, 
is well-defined up to sign. Moreover, L satisfies the conditions (i) and (iii) of 5.2 with respect to the family S = (e α , : α ∈ R × ) where e α = e + α , e −α = e − α for α ∈ R 1 and e µ as defined above for some chosen decomposition 0 = µ = α − β ∈ R 0 . Hence the core
Then h is an abelian subalgebra of L, and
is a subalgebra of L which is R-graded and hence in particular 3-graded.
If Φ is a field of characteristic 0, then g is the Tits-Kantor-Koecher algebra of the Jordan pair spanned by G. In particular, if Φ is a field of characteristic 0 and R is finite then g is a finite-dimensional split semisimple Lie algebra with splitting Cartan subalgebra h.
The proof of the theorem will be given in 5.3. In the Lemmas 5.6-5.9 we will establish some additional results on the structure of L which are of independent interest.
Throughout the assumptions of Theorem 5.5 are assumed to hold, except that we do not assume (nor use) that G covers V. 
∨ for the first formula and ν = µ for the second. By grading properties, 
Proof. It is immediate from the definitions that
where the sign ∈ {±} is determined from 
.
Proof of Theorem 5.5
(a) For the proof of Theorem 6.3 below we point out that we will not use in the proof of (a) that G covers V.
By Proposition 4.1 (b) it suffices to check that for ω ∈ supp(L) we have:
Let 0 = x ∈ L ω , and let (α; β, γ) ⊂ R 1 be a triangle. Thus, by Lemma 5.8 (a),
We apply Lemma 5.9 to the orthogonal systems (α, γ) and (β, δ) and
is a Peirce space of V with respect to G. Since G covers V, we get ω = α for some α ∈ R 1 .
(c) The first part of (b) was proven in Lemma 5.9. For the second part, the condition is obviously necessary:
be the idempotent of Lemma 5.9, and put
+ is a Peirce space with respect to G and therefore of the form 
2 holds because of (b) and our assumption on Φ. As already mentioned in 5.2, the core of L is then R-weight-graded.
(e) h is abelian by compatibility of E. To check that g is a subalgebra of L, we put g = g ∩ L and thus have g = ∈R g with
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Clearly [h, g] ⊂ g. In the following we will consider the products [g , g ν ] for 0 = , ν ∈ R and distinguish the cases 
Consequences and Examples
In this section we will draw some consequences of Theorem 5.5. As in the previous section we assume that all Lie algebras and Jordan pairs are defined over a ring of scalars Φ with µ1 Φ ∈ Φ × for µ = 2, 3, 5.
Following [11] we will say that an abelian inner ideal B of a Lie algebra L is complemented by an abelian inner ideal if there exists an abelian inner ideal C of L such
Theorem 6.1. Let L be a Γ -graded Lie algebra, and let B be a graded abelian inner ideal
is covered by a finite grid G of homogeneous idempotents. Let R be the finite 3-graded root system associated to G.
Then the assumptions of Theorem 5.5 are fulfilled. In particular, the P(R)-
the Γ -grading of L and satisfies
If G is a connected grid, then n in (6.1) can be taken as the Coxeter number 
Proof. If L is nondegenerate and B is an abelian inner ideal of finite length, the sub- Theorem 6.3. Let E be a grid in a Jordan pair V with associated 3-graded root system
If E is connected, n can be taken as the Coxeter number of R.
Proof. 
We will view V as a Z-graded Jordan pair with respect to the grading induced from L, i.e., V 1 = (V + , 0) and
By Proposition 3.3 every inner ideal of
by a finite grid of (obviously) homogeneous idempotents. By repeated application of Proposition 5.4, the grid G lifts to a finite Peirce-compatible family E of idempotents of L which are homogeneous with respect to the 3-grading of L, whence e σ ∈ V σ for σ = ± and e = (e + , e − ) ∈ E. By Lemma 5.6, E is a grid in V. We can then apply Theorem 6.3 and in particular get B = Although this is not very efficient since nonisomorphic Z-gradings can lead to isomorphic abelian inner ideals, it nevertheless provides a quick classification of abelian inner ideals of those Lie algebras for which the finite Z-gradings are known.
As an example, we consider in this subsection a finite-dimensional split simple
Lie algebra L over a field Φ of characteristic 0, and let B ⊂ L be an abelian inner ideal. By Corollary 6.2, L has a finite Z-grading, say a (2n + 1)-grading, with L n = B. It is folklore that the Z-gradings of L are obtained as follows: There exists a splitting Cartan subalgebra h of L and a Z-grading of the root system R of (L, h),
It is therefore enough to determine R n . This can be done as follows, see e.g. • If B ⊂ R is a family of pairwise collinear long roots, then B = β∈B L β is an abelian inner ideal. This is easily proven using standard facts from root systems. We note that with b = |B| the corresponding subquotient is isomorphic to the rectangular matrix pair Mat(1, b, Φ), Mat(b, 1; Φ) = (I 1b in the notation of [16] ), and hence the subalgebra g of Theorem 5.5 is isomorphic to sl b+1 (Φ).
Example R = E 8 : We will use the enumeration of the simple roots β i as in [ [6] ;
Planche VII], and let B be the abelian inner ideal associated to R n with n as in (6.1).
To arrive at the following list of isomorphism classes of abelian inner ideals in E 8 Then L has abelian minimal inner ideals, so (see [7] ) L = Soc(L) is 5-graded and there exists a simple associative algebra A with nonzero 
(a) We may assume B = 0, and therefore that L has nonzero socle. 
